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Abstract. In the present paper we provide the decomposition and local estimates for the pressure function for the non-stationary flow of incompressible
non-Newtonian fluids in Orlicz spaces. We show that this method can be applied to prove the existence of weak solutions to the problem of motion of one
or several rigid bodies in a non-Newtonian incompressible fluid with growth
conditions given by an N -function.

1. Introduction. The problem of existence and construction of a pressure function
arises in the theory of non-stationary incompressible non-Newtonian fluids.
Since in mechanics of incompressible fluids mainly divergence-free test functions
are considered, the pressure usually does not appear in the definition of a weak
solution. However the pressure function p can be identified a posteriori in some
cases [7]. It can be obtained that there exists p of the form
p = preg + ∂t pharm ,
q

q

where preg ∈ L (I; L (Ω)) and pharm ∈ L2 (I; L2 (Ω)) (where I stands for the time
interval and Ω is a spatial domain occupied by the fluid). But since the time
derivative ∂t pharm is present here, we do not know if p is an integrable function on the
time space cylinder, and even if it is a measurable function in (x, t) ∈ Q. Moreover
when the pressure is introduced by the De Rham theorem, we still do not know what
is the best function space for the pressure. In the present paper we want to develop
the method of a local pressure. The concept of the local pressure is given by J. Wolf
in [21] in order to obtain the existence result for non-stationary motion of a nonNewtonian fluid with shear rate dependent viscosity of a power-law type with no
restriction on shape or size of the spatial domain. There local pressure estimates are
based on variational methods. Here and in [6, 21] the pressure is decomposed into
a measurable function preg and the singular part ∂t pharm , where pharm is harmonic
w.r.t. space variable. In [21] the author provides optimal a-priori estimates for the
components preg and pharm , which are achieved mainly by Lq -estimates for weak
solutions to the Laplace equation obtained by Simader and variational estimates
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for the bipotential operator established by R. Müller (for references see [21]). Later
Feireisl, Hillairet and Nečasová used different tools to derive the decomposition of
the pressure and estimates for preg and pharm . Their construction was based on
the Riesz transform which seems to be more suitable for application to problems
associated with fluids of a power-law type. This construction allowed to obtain that
the regular part preg shares the same regularity properties as the nonlinear viscous
part in the momentum equation for the velocity field of the fluid.
Our construction of the local pressure is also based on the Riesz transform as in
[6], but we state the problem in a more general setting. Motivated by [6] we want
to generalize the result obtained therein and formulate the problem of the motion
of rigid bodies in a non-Newtonian fluid in Orlicz spaces, what is more suitable for
applications in fluid mechanics with nonstandard rheology.
The paper is organized as follows. In Section 2 we introduce notation and give
some definitions and preliminaries concerning Orlicz spaces. The main result concerning decomposition and estimates for the function which in fluid mechanics is
associated with the pressure is presented in Section 3. An example of an application
in the existence theory for the motion of rigid bodies in a viscous fluid with growth
conditions in Orlicz spaces can be found in Section 4.
2. Notation - Orlicz spaces. In our investigation by D(Ω) we mean the set of
C ∞ -functions with compact support contained in Ω. Moreover, by Lq , W 1,q we
denote the standard Lebesgue and Sobolev spaces respectively.
If X is a Banach space, then the symbol Lq (0, T ; X) means the standard Bochner
space. We use Cweak ([0, T ]; L2 (Ω)) to denote functions u ∈ L∞ (0, T ; L2 (Ω)) which
satisfy (u(t), ϕ) ∈ C([0, T ]) for all ϕ ∈ L2 (Ω).
Definition 2.1. A function M : R+ → R+ is said to be an N -function if it is a
continuous, non-negative, convex function with a superlinear growth near zero and
infinity, i.e., lim Mτ(τ ) = 0 and lim Mτ(τ ) = ∞, and if M (τ ) = 0 iff τ = 0.
τ →∞

τ →0

Definition 2.2. The complementary function M ∗ to a function M is defined by
M ∗ (ς) = sup (τ ς − M (τ ))
τ ∈R+

for ς ∈ R+ .

The complementary function M ∗ is also an N -function. Let Ω be a bounded
domain in R3 with Lebesgue measure dx. The Orlicz class LM (Ω) is the set of all
measurable functions f : Ω → Rd such that
Z
M (|f (x)|) dx < ∞
Ω

(d stands for 1, 3 or 3 × 3). The Orlicz space LM (Ω) is defined as the set of all
measurable functions f : Ω → Rd which satisfy
Z
M (λ|f (x)|) dx → 0 as λ → 0.
Ω

The Orlicz space is a Banach space with respect to the Luxemburg norm




Z
|f (x)|
kf kM = inf λ > 0 :
M
dx ≤ 1 .
λ
Ω
Let us denote by EM (Ω) the closure of all measurable, bounded functions on Ω in
LM (Ω). Then the space EM is separable and the space LM ∗ (Ω) is the dual space
of EM (Ω). It is easy to see that EM ⊆ LM ⊆ LM .

LOCAL PRESSURE METHODS IN ORLICZ SPACES

3

We say that M satisfies the ∆2 -condition if there exists a constant cM such that
M (2τ ) ≤ cM M (τ ) for all τ ∈ R+ . It is well known that LM is separable and
reflexive if and only if M satisfies the ∆2 -condition.
In this paper Orlicz spaces are considered also on the time-space cylinder Q =
I × Ω with the Lebesgue measure dxdt, where I stands for a time interval. Let us
recall that in general LM (I × Ω) 6= LM (I; LM (Ω)), unless very strong assumptions
are satisfied, see [3]. More information about Orlicz spaces can be found e.g. in [9].
Now we introduce Riesz transforms in Orlicz spaces, which will be used later as
a tool providing local estimates for the pressure function.
Let β, γ ∈ (0, ∞) and denote by Lτ logβ (Ω) the Orlicz space associated with the
N -function M (τ ) = τ (log(τ + 1))β and by Le(γ) (Ω) the Orlicz space associated
with the N -function of the form M (τ ) = exp(τ γ ) for sufficiently
large τ . Let

us notice that Lτ logβ (Ω) = Eτ logβ (Ω) (see [9]) and Ee(γ) (Ω )∗ = Lτ log1/γ (Ω),
∗
Lτ logβ (Ω) = Le(1/β) (Ω).
By Ri,j let us denote the ”double” Riesz transform on R3 , which can be defined
by the Fourier transform F as


ξi ξj
F[g] = ∇xi ∇xj ∆−1 g , i, j = 1, 2, 3,
(1)
Ri,j [g] = F −1
|ξ|2

where ∆−1 g(x) = F −1 −1/|ξ|2 F[g].
Lemma 2.3. Let Ω be a bounded domain, let b : R3 → R be a Fourier multiplier,
α be a multi-index and
sup

|ξ||α| |Dα b(ξ)| ≤ C < ∞

for all α such that |α| ≤ 2.

ξ∈R3 ,ξ6=0

Then for β > 0 there exists a constant c(β) such that for all g ∈ Ly logβ+1 (Ω)
k(F −1 bF)[g]kτ logβ ≤ c(β)kgkτ logβ+1

(2)

where g is prolonged to be 0 on R3 \ Ω.
Proof. (We recall here the proof given by Erban in [5].) The standard Mikhlin
multiplier theorem (see e.g. [1, Chapter 6]) provides that F −1 bF is bounded as a
mapping
F −1 bF : L2 (R3 ) → L2 (R3 )

and F −1 bF : L1 (R3 ) → L1,∞ (R3 ),

where L1,∞ stands for a Lorenz space (i.e. g ∈ L1,∞ iff supσ σm(σ, g) < ∞, where
m(σ, g) = |{x : |g(x)| > σ}|). Employing the result from [10, Theorem B.2] (see
also [2]) we conclude that there exists a constant c(β) such that (2) is satisfied.
Corollary 1. Let Ω be a bounded domain. Then for β > 0
kRi,j [g]kτ logβ ≤ c(β)kgkτ logβ+1 .

(3)

3. Decomposition of the pressure. In the present section our aim is to derive
estimates for the decomposition of the function which in fluid mechanics is associated with the pressure.
Theorem 3.1. Let M ∗ , m∗ and m0 be N -functions s.t. m∗ (τ ) = τ logβ+1 (τ + 1) ≤
c1 M ∗ (τ ) < c2 |τ |2 for some constants c1 , c2 > 0 and m0 (τ ) = τ logβ (τ +1) for τ ∈ R+
and β ∈ (0, ∞). Let I = [t0 , t1 ] be a time interval and let B ⊂ R3 be a domain
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with a regular C 3 boundary. Assume that U ∈ L∞ (I; L2 (B; R3 )), divx U = 0, and
T ∈ LM ∗ (I × B; R3×3 ) satisfy the integral identity
Z Z 

U · ∂t ϕ + T : ∇x ϕ dxdt = 0
(4)
I

B

for all ϕ ∈ D(I × B; R3 ), divx ϕ = 0.
Then there exist two functions
preg ∈ L1 (I; Lm0 (B))
and
pharm (t, ·) ∈ D0 (B), ∆x pharm = 0 in D0 (I × B),

Z
pharm (t, ·) dx = 0
B

satisfying
Z Z 
I



U · ∂t ϕ + T : ∇x ϕ dxdt =

B

Z Z 
I


pharm ∂t divx ϕ + preg divx ϕ dxdt (5)

B

for any ϕ ∈ D(I × B; R3 ). Additionally,
TkLM ∗ (I×B;R3×3 )
kpreg kL1 (I;Lm0 (B)) ≤ c(m0 )kT

(6)

pharm (t, ·)|B 0 ∈ C ∞ (B 0 ), where B 0 ⊂⊂ B.

(7)

and for a.a. t ∈ I

Proof. To begin with, the “regular” component of the pressure preg is identified as
preg (t, ·) = R : T =

i,j=3
X

Ri,j [Ti,j ](t, ·) in R3 for a.a. t ∈ I,

i,j=1

where R denotes the ”double” Riesz transform (see (1)) and T = [Ti,j ]i=1,2,3;j=1,2,3
has been extended to be zero outside B. Using (3) we obtain that the mappings
Ri,j |B : Lm∗ (B) → Lm0 (B)

are bounded for i, j = 1, 2, 3.

Therefore by the imbedding LM ∗ (I × B)) ⊆ L1 (I; LM ∗ (B)) we infer
TkL1 (I;LM ∗ (B)) ≤ ckT
TkLM ∗ (I×B) ,
kpreg kL1 (I;Lm0 (B)) = kR : T kL1 (I;Lm0 (B)) ≤ ckT
and obtain (6) with some constant c(m0 ) > 0. Moreover,
Z
Z
T : ∇2 ψ dx for any ψ ∈ D(B).
preg ∆ψ dx =
B

(8)

B

On the other hand, (4) provides that we can redefine U with respect to time on a
set of measure zero such that
Z
t 7→
U · ψ dx ∈ C([t0 , t1 ]) for any ψ ∈ D(B; R3 ), divx ψ = 0.
B

Particularly, we infer that the Helmholtz projection H[U ] belongs to the class
Cweak ([t0 , t1 ]; L2 (B; R3 )). Therefore (4) with ϕ(t, x) = η(t)ψ(x) provides
Z hZ
Z hZ Z t
i

i
(U (t, ·)−U (t0 , ·))·ψ dx ∂t η dt−
T (s, ·) ds : ∇x ψ dx ∂t η dt = 0
I

B

I

B

t0

3

for any ψ ∈ D(B; R ), divx ψ = 0, η ∈ D(t0 , t1 ). Employing Lemma 2.2.1 from [17],
we see that there exists a pressure p = p(t, ·) such that
Z
Z Z t
Z

(U (t, ·)−U (t0 , ·))·ψ dx−
T (s, ·) ds : ∇x ψ dx =
p(t, ·)divx ψ dx (9)
B

B

t0

B
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for all t ∈ [t0 , t1 ] and all ψ ∈ D(B; R3 ). Note that the term on the right-hand side
is measurable and integrable w.r.t. time, since the left-hand side is measurable and
integrable. Moreover,
Z
p(t, ·) dx = 0 and p(t, ·) ∈ D0 (B).
B

Testing (9) by ∂t ζ, ζ ∈ D(I), integrating over the time interval I, and setting
ϕ(t, x) = ζ(t)ψ(x) we conclude that for any ϕ ∈ D(I × B; R3 )
Z Z 
Z Z

U · ∂t ϕ + T : ∇x ϕ dxdt =
p∂t divx ϕ dxdt.
(10)
I

B

I

B

Finally, the harmonic pressure is defined for a.a. t ∈ (t0 , t1 ) as

Z

Z t
1
preg (τ, ·) dx dτ .
pharm (t, ·) = p(t, ·) +
preg (τ, ·) −
|B| B
t0

(11)

Now we intend to show that pharm (t, ·) is in fact a harmonic function for any t. To
this end, we take ψ = ∇x η, η ∈ D(B) in (9) and compare the resulting expression
with (8). If we insert (11) in (10), we will obtain (5). Finally Weyl’s lemma (see e.g.
[19]) ensures that the function pharm is regular locally in B, i.e. pharm ∈ C ∞ (B 0 ),
where B 0 ⊂⊂ B. Hence we infer (7).
4. An application of the method. The method of local pressure can facilitate
investigation of mathematical properties of the motion of one or several rigid bodies
immersed in an incompressible viscous fluid which occupies a bounded domain Ω ⊂
R3 . For the existence results see [6, 15, 22].
In particular with the help of Orlicz spaces we can investigate mathematical
properties of fluids for which viscosity increases dramatically with increasing shear
rate or applied stress. We want to consider shear thickening fluids, which can behave
almost like a solid when they encounter mechanical stress or shear. Such fluids
found their application in some of high-performance fabrics produced by a simple
impregnation process. The resulting material is thin and flexible, and provides
protection against the risk of needle, knife or bullet contact that face police officers
and medical personnel [4, 8].
Motivated by this significant shear thickening phenomenon we want to concentrate on fluids with rheology more general than that of power-law type, see Málek et
al. [14, Chapter 1.], given by standard polynomial growth conditions for the stress
tensor, i.e.
S(D
Du)| ≤ c(1 + |D
Du|)q−1
|S

Du) : D u ≥ c|D
Du|q ,
and S (D

(12)

where D u = (∇x u + ∇Tx u)/2 denotes the symmetric part of the velocity gradient.
We want to investigate the processes where the growth is faster than polynomial.
Therefore we formulate growth conditions of the stress tensor using a quite general
convex function M which is an N -function. First we assume that the viscous stress
tensor S depends on the symmetric part of the gradient of the velocity field u, i.e.
3×3
3×3
S : R3×3
sym → Rsym (Rsym stands for the space of 3 × 3 symmetric matrices), and
Du) is continuous, and monotone, i.e.
S (00) = 0 , S = S (D


 
S (ξξ ) − S (ηη ) : ξ − η ≥ 0 for all ξ 6= η , ξ , η ∈ R3×3
sym .
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Finally we assume that there exist a positive constant c, N –functions M and M ∗
(M ∗ denotes the complementary function to M ), such that
S(ξξ )|)}
S (ξξ ) : ξ ≥ c{M (|ξξ |) + M ∗ (|S

for all ξ ∈ R3×3
sym .

(13)

Our assumptions can capture shear dependent viscosity functions including powerlaw and Carreau-type models which are quite popular in rheology, chemical engineering and colloidal mechanics. Nevertheless, we want to investigate also constiDu|q ln(1 + |D
Du|) (here
tutive relations more general than of type (12), e.g. S ≈ |D
q
q
M (τ ) = τ log(τ + 1) grows faster than τ but slower than τ q+ν for all ν > 0).
The appropriate spaces to capture the problem with growth and coercivity conditions given by (13) are Orlicz spaces. Existence results for problems devoted to
fluid mechanics stated in the Orlicz space setting can be found e.g. in [11, 12]
Investigating the existence of weak solutions to the motion of one or several rigid
bodies in such a fluid we use the concept of weak solutions based on the Eulerian
reference system and on a class of test functions which depend on the position of
the rigid bodies, see e.g. Judakov [20], Starovoitov [13], San Martin et al. [16] and
for more references see Feireisl et al. [6].
We state the following problem: let Ω ⊂ R3 be an open bounded domain with
a sufficiently smooth boundary ∂Ω, occupied by an incompressible fluid containing
rigid bodies. The initial position of the rigid bodies is determined through a family
of sufficiently regular domains Si ⊂ Ω ⊂ R3 , i = 1, . . . , n. The motion ηi associated
with the body Si is a mapping
ηi = ηi (t, x), t ∈ [0, T ), x ∈ R3 , ηi (t, ·) : R3 → R3 is an isomorphism,
ηi (0, x) = x for all x ∈ R3 , i = 1, . . . , n.
Accordingly, the position of the body Si at time t is given through the formula
Si (t) = ηi (t, Si ), i = 1, . . . , n.
In the above terms we introduce domains Qf and Qs respectively as a fluid and a
rigid part of the time-space cylinder in the following way:
[
Qs :=
{(t, x) : t ∈ [0, T ], x ∈ Si (t)}, Qf := Q \ Qs .
i=1,...,n

A weak solution is a pair (%, u) with mass density % = %(t, x) and velocity field
u = u(t, x) satisfying the integral identity
Z TZ 
Z

%∂t ϕ + %u · ∇x ϕ dxdt = −
%0 ϕdx for any ϕ ∈ C 1 ([0, T ) × Ω)
0

Ω

Ω

and
Z
0

T

Z 

Z

%u · ∂t ϕ + %u ⊗ u : D ϕ − S : D ϕ dxdt = −
%0 u0 · ϕdx

Ω

Ω
1

3

for any test function ϕ ∈ C ([0, T ) × Ω; R ), ϕ(t, ·) ∈ [RM ](t), where
[RM ](t) = {φ ∈ Cc1 (Ω; R3 ) | divx φ = 0 in Ω,
D φ has a compact support on Ω \ ∪ni=1 S i (t)}.
In addition we assume that u(t, x)|∂Ω = 0 for t ∈ [0, T ] and the velocity of the fluid
on the boundary of each rigid body Si (i = 1, . . . , n) coincides with the velocity of
the rigid object. More detailed description of the problem can be found in [6].
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The construction of the weak solution is based on a two-level approximation
scheme as in [6, 15] and consists in solving the system of equations:
∂t % + divx (%[u]δ ) = 0,
∂t (%u) + divx (%u ⊗ [u]δ ) + ∇x p = divx ([µε ]δ S )
∂t µε + divx (µε [u]δ ) = 0,
divx u = 0,
where p denotes the pressure. The rigid bodies are replaced in this approximation by
a fluid of high viscosity µε becoming singular for ε → 0. In the fluid part (where is
no rigid body) µε stays equal to 1. For simplicity we assume that the density of the
fluid is constant. The extra parameter δ > 0 is introduced to improve properties of
the approximation and [ ]δ denotes spatial convolution with the regularizing kernel.
The first step is to pass to the limit with ε → 0 for fixed δ and identify the
positions of the rigid bodies. The main problem, inherent to the theory of nonNewtonian fluids, is that we have to identify the nonlinear viscous term. Passing to
the limit with ε → 0, the problem appears to be more delicate as the monotonicity
argument must be localised to the “fluid” part of the time-space cylinder. We
cannot test the momentum equation by functions with non-zero support on Qs , since
Duε ) nor µεD uε can be controlled. Therefore we
neither the penalizing term µεS (D
localise the problem in the fluid part and hence need local estimates for the pressure.
To this end we consider the momentum equation of the approximate problem on
the time interval I ⊂ [0, T ] and the spatial domain B ⊂ Ω such that I × B is in
the ”fluid” part of the time space cylinder. We can assume that % = %f = const in
I × B. In particular, we have for any ϕ ∈ D(I × B; R3 ), divx ϕ = 0 that
Z Z
Duε )) : ∇x ϕ dxdt = 0.
%f uε · ∂t ϕ + (%f uε ⊗ [uε ]δ − S (D
I

B

At this stage the problem is separated from the rigid bodies and we can apply
Theorem 3.1 with the N -function M ∗ and the function U := %f u and T = %f uε ⊗
Duε ). Therefore for any ε > 0 there exist two scalar functions pεreg , pεharm
[uε ]δ − S (D
satisfying p = pεreg + ∂t pεharm and such that for any test function ϕ ∈ D(I × B; R3 )
Z Z h
i
Duε ) + pεregI ) : ∇x ϕ dxdt = 0.
(%f uε + ∇x pεharm ) · ∂t ϕ + (%f uε ⊗ [uε ]δ − S (D
I

B

The reader can find more details and the existence results in [6, 15] for the case of
power-law fluids and in [22] for the case of the growth condition given by (13). The
assumption on the lower bound for the N -function M ∗ , i.e. m∗ (τ ) = τ logβ+1 (τ +
1) ≤ c1 M ∗ (τ ) for τ ∈ R+ , β > 0 and some constant c1 , implies that we have to
1
assume also that M (τ ) ≤ c2 exp(τ β+1 ) with constant c2 .
In the above consideration and in [22] the main difference from any previous
work in this direction is, due to condition (13), that we are in the Orlicz-space
setting. Let us notice that the Riesz transform in general cannot be well defined as
an operator from one Orlicz space to the same one. If M and M ∗ do not satisfy the
∆2 -condition it can turn out that it is continuous from one Orlicz space to another
but a larger one. Therefore the method of local pressure seems to be more difficult.
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[6] E. Feireisl, M. Hillairet and Š. Nečasová. On the motion of several rigid bodies in an incompressible non-Newtonian fluid. Nonlinearity. 21:1349-1366, 2008.
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