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Multicomponent reactive flows with chemistry and detailed transport phenomena arise in var-
ious engineering applications, such as spatial vehicle reentry, crystal growth, combustion and at-
mospheric pollution [15]. This is a strong motivation for investigating the mathematical structure
and properties of the corresponding systems of partial differential equations. In the present the-
sis we are concerned with the existence theory for the model formulated by the full Navier-Stokes
system supplemented by the reaction-diffusion equations for the species. Our principal intention
is to handle reversible reactions and the pressure which depends on concentration of the chemical
species. As a consequence, one has to deal with more complex balance law for the entropy. This
is the main source of the a-priori estimates, provided the model is consistent with the second law
of thermodynamics. To ensure this, more general than usual forms of the transport fluxes must be
considered. The mathematical investigation of such systems encounters various problems arising
mostly due to a strong cross-diffusion in the species transport and the insufficient information about
the density satisfying only the hyperbolic equation. Because of these difficulties, for a long time,
the effort of mathematicians focused on systems simplifying either the reactive or dynamical aspects
of the flow, or minimizing the coupling between them. They still can be used to model particular
phenomena, but most of nowadays applications require more detailed description. For example, in
modeling hydrogen-oxygen system included in a number of chemical mechanisms, as many as 20
different reactions can be taken into account involving the eight species:

H2, O2, H2O, OH, O, H, HO2 and H2O2.

Moreover, depending upon the temperature, pressure, and extent of reaction, all the reverse reactions
can become important [22].

The equations governing multicomponent reactive flow express the physical laws of conservation
of mass, momentum, total energy and the balances of species mass, respectively:

∂t%+ div(%u) = 0

∂t(%u) + div(%u⊗ u)− divS +∇π = %f

∂t(%E) + div(%Eu) + div(πu) + divQ− div(Su) = %f · u

∂t%k + div(%ku) + div(Fk) = %ϑωk, k ∈ {1, ..., n}


in (0, T )× Ω, (1)

were, u : R3 → R3 is the velocity field, % : R3 → R denotes the total mass density being a sum
of species densities %k, k ∈ {1, . . . , n}. The last unknown quantity is the temperature ϑ : R3 → R
which appears implicitly in all the equations of (1) except for the continuity equation. Next, S
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denotes the viscous stress tensor, the internal pressure is denoted by π, f is a given external force,
E is the total energy per unit mass, which is a sum of internal energy e and the kinetic energy
u2

2 , Q stands for the heat flux, Fk, k ∈ {1, . . . , n} denote the species diffusion fluxes and ωk,
k ∈ {1, . . . , n} are the chemical source terms, also termed the species production rates; Ω ⊂ R3 and
T < +∞. Equivalently, the species mass conservation equations can be written in terms of species
mass fractions Yk, k ∈ {1, . . . , n} defined as Yk = %k

% .
The derivation of such model from the kinetic theory of gases can be found in numerous textbooks

[7, 15, 23], for the alternative model – assigning densities and velocity fields to each species of the
fluid – we refer to [21].

In order to close the system (1) one needs to supplement the field equations by the set of
constitutive relations characteristic for viscous, heat-conducting and chemically-reacting mixtures.
Since the list is considerably long, we focus only on these features of the system which appear in the
context of global-in-time existence of weak solutions with no restriction for the size of initial data
for the first time. More detailed discussion on this issue, depending on the purpose, can be found
in the introductions to each of chapters of the thesis.

As already mentioned, the chemical composition of the mixture is taken into account in all
thermodynamical quantities describing the system. In particular, we consider the pressure π =
π(%, ϑ, Y ), which can be decomposed into π = πc + πm, where the first part is the barotropic
pressure %γ , γ > 1, while the latter is the classical molecular pressure of the mixture determined
through the Boyle law as a sum of partial pressures

πm(%, ϑ, Y ) =
n∑
k=1

pk(%, ϑ, Yk) = R
n∑
k=1

ϑ%Yk
mk

, (2)

with mk – the molar mass of the k-th species and R – the perfect gas constant.
Naturally, we want the model to be consistent with the principles of continuum mechanics and
thermodynamics. Especially, the concept of entropy is of great importance, as the second law of
thermodynamics asserts that the entropy of any admissible process cannot decrease. An equation
governing the entropy s can be deduced from system (1) by use of the Gibbs relation

ϑDs = De+ πD

(
1

%

)
−

n∑
k=1

gkDYk,

where gk(%, ϑ, Y ) are the Gibbs functions and D denotes the total derivative, we have

∂t(%s) + div(%su) + div

(
Q

ϑ
−

n∑
k=1

gk
ϑ
Fk

)
= σ,

where σ is the entropy production rate and it satisfies

σ =
S : ∇u
ϑ︸ ︷︷ ︸
≥0

+
κ|∇ϑ|2

ϑ2︸ ︷︷ ︸
≥0

−
n∑
k=1

gkmkωk︸ ︷︷ ︸
≥0

−
n∑
k=1

Fk
mk
· ∇ (log pk)︸ ︷︷ ︸
≥0

. (3)

Non-negativity of the first component follows from assumptions on the viscous stress tensor obeying
the Newton rheological law, namely S = 2µD(u) + ν divuI, where D(u) = 1

2

(
∇u + (∇u)T

)
and
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µ, ν are the Lamé viscosity coefficients µ > 0, 2µ + 3ν ≥ 0. The second component in (3) is non-
negative because the thermal conductivity coefficient is positive, κ > 0. Non-negativity of the third
component is assumed as an admissibility condition for the chemical reaction to occur (cf. [15]).
Finally, assuming the following form of the species diffusion fluxes

Fk = −
n∑
k=1

Ckldl, dk = ∇
(
pk
πm

)
+

(
pk
πm
− %k

%

)
∇ log πm, (4)

where Ckl are multicomponent flux diffusion coefficients, we verify that the last component is also
non-negative provided the matrix Dkl = Ckl

%k
has good properties. In our case it is symmetric ond

positive definite over U⊥ – the orthogonal complement of lin(U), U = (1, . . . , 1)T , (see [15,23]).
Here it should be emphasized that assuming the Fick approximation would lead to inconsistency

with the second law of thermodynamics if the molecular pressure would be given by (2). In this
case, the sign of the entropy production may fail to be non-negative, which contradicts physical
admissibility of the process. This in turn interferes with obtaining the fundamental a-priori estimates
causing that the energy methods break down.

The thesis consists of four main parts. Each of them is a distinct result based on the series of
articles [18,19,24–26]. In Chapter 2 we examine the following reduction of system (1)

div(%u) = 0

div(%u⊗ u)− divS +∇π = %f

div(%YAu) + div(FA) = %ωA

div(%YBu) + div(FB) = %ωB

div(%YCu) + div(FC) = %ωC


in Ω (5)

governing the steady flow of four-component gaseous mixture undergoing an isothermal, reversible
chemical reaction constituted by A + B 
 C, which takes place in the presence of a dilutant
D. We supplement system (5) by the Dirichlet boundary condition for the velocity and by the
impermeability conditions fort the species diffusion fluxes. Moreover, since there is no need to use
the notion of the entropy, we assume that the species mass fluxes are given by the Fick law.

The main result of this chapter concerns the existence of weak solutions when the adiabatic
exponent for the mixture γ is greater than 7/3. The weak solution is constructed classically, by
relaxation and elliptic regularization of the continuity equation, relaxation and regularization of the
coefficients in the species mass balance equations in combination with the fixed point argument. The
main difference, in comparison to the similar, but evolutionary and heat-conducting case, studied
in [14], is that we cannot exclude the vacuum at any step of approximation procedure. Therefore,
showing non-negativity of the species concentrations requires to consider also the case when % = 0.
The second part of the proof is the limit passage, in which we follow the idea of Lions [17] based on
the DiPerna-Lions transport theory [9]. This approach requires the L2 integrability of the density
in order to get the renormalized solution of the continuity equation which is later on used to exploit
the effective viscous flux equality. In the barotropic case it is possible to improve the value of γ be
applying the oscillations defect measure introduced by Feireisl [10]. It seems, however, that here
this technique could not be used due to presence of the molecular pressure.

In Chapter 3 we start to deal with vanishing viscosity coefficients satisfying the following relation

ν(%) = 2%µ′(%)− 2µ(%), (6)

3



introduced by Bresch and Desjardins in [3]. The main difficulty in comparison to the systems with
viscosity coefficients bounded from below by a constant [12, 17], is lack of information about the
velocity vector field. Although this degeneracy causes additional difficulties, it also contributes
some benefits, if only relation (6) is satisfied. It provides particular mathematical structure that
yields boundedness of ∇√%. This property was observed for the first time by Bresch, Desjardins
and Lin [6] for the Korteweg equations and for the 2-dimensional viscous shallow water model [2].
Later on, Mellet and Vasseur coupled this idea with the additional estimate for the norm of %u2

in L∞(0, T ;L logL(Ω)) and proved the sequential stability of weak solutions to the barotropic
compressible Navier-Stokes system.

Assuming (6), we investigate the system of equations describing flow of two-component isother-
mal gaseous mixture in the periodic domain Ω = T3. At first sight this situation seems to be
simpler, than the one considered in the previous chapter, however, now our main aim is to investi-
gate the cross-diffusion phenomenon occurring in majority of multicomponent flows. We focus on a
simplest form of the diffusion matrix C, which does not lead to inconsistency with the second law
of thermodynamics when the heat-conductivity is included. But even in this case, one has to face
the problem of appearance of a new type of degeneration in the species equations caused by the
form of diffusion fluxes

Fi = −C0di = −C0

πm

((
%k
%mi

+
%i
%mk

)
∇%i −

%i
%mk
∇%
)
, i 6= k.

The first part of this chapter is devoted to the proof of sequential stability of weak solutions.
The main observation here is that the missing information about the species densities may be
compensated by the higher regularity of the density deduced from the additional estimate involving
relation (6). Although the stability result is widely regarded as a most difficult part, the compete
proof of existence of solutions in this framework is still elusive. The main difficulty is to preserve
the logarithmic estimate for the velocity, yielding convergence in the convective term, at any level of
construction of solution. To the best of our knowledge, when no additional drag terms are present,
this is still an open problem, even for the barotropic case.

In the second part of the chapter we give a detailed description of the approximate scheme
and prove the existence of weak solutions for arbitrary large initial data, under further assumption
on the barotropic pressure. By this modification, the compactness of the sequence approximating
the velocity can be shown with no effort. So, in order to construct the approximate solution, one
needs only to preserve the structure allowing to maintain an extra estimate of the density. The
basic idea is contained already in the work [4] and consists of introducing the smoothing operator
δ%∇

(
µ′(%)∆2s+1µ(%)

)
with s sufficiently large, inspired from the capillarity forces [6]. In the next

step we improve regularity of velocity using the biharmonic operator η∆2u. Finally, to get the
estimate for the norm of ∆s+1% in L2((0, T ) × Ω) at the level of Faedo-Galerkin approximation,
we also need to regularize the the continuity equation, and hence, the species equations, by adding
ε∆%.

In Chapter 4 we investigate only the reaction-diffusion equations of species keeping the thermo-
dynamical framework originating from the general theory of mixtures. Our main achievement is the
proof of existence of weak solutions for arbitrary number of reacting species under the assumption
that the total density is as regular as it follows from the previous chapter. Our result has three
possible interpretations:

• For the simplest case u ≡ 0 the density % is a given fixed function and the model takes into
account just diffusion, neglecting the effects of transport.
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• If the velocity field is given, the chemical reactions have no influence on the speed of particles,
they do not produce any internal force (pressure like force). Such model is admissible for
“cold” reactions, where we do not observe any rapid changes of energy.

• If the system of reaction-diffusion equations is a part of the full model (1), then our result can
be viewed as an auxiliary tool giving hints how to proceed with the full system.

Note that we are able to handle the nonlinear terms appearing in all the species diffusion forces dk,
k ∈ {1, . . . , n}, while the matrix of diffusion coefficients Ckl satisfies all the general assumptions
from [15], Chapter 7. This is, however, the main obstacle to apply the classical approach for systems
of parabolic equations [1, 8, 16]. Indeed, although the diffusion fluxes form an elliptic operator it
is not diagonal, not even symmetric. Thus, any direct technique of renormalization of the system
is not admissible as it is the case for the scalar systems [20]. The only possibility is to employ
the information about the entropy production (3), then we deal with the symmetric matrix Dkl

which is positive definite but only over a subspace of co-dimension 1. It follows that the whole
mathematical analysis should be done in terms of log pk instead of %k. This approach is effective,
since it guarantees immediately that the densities of gas components will be nonnegative. Using a
suitable approximation we are allowed to obtain existence through the Galerkin approximation, and
then passing to subsequent limits, we find the solution of the original problem. The compactness of
the approximative sequence is guaranteed due to uniform L logL bounds and an extra information
about the whole density %. The last fact allows to control the regularity of space derivatives of
solutions.

The purpose of the last chapter is to bring together and complement the previous results in order
to treat the complete mathematical model governing the motion of n-component, heat-conducting
reactive gaseous mixture. We prove sequential stability of weak variational entropy solutions for
the same modification of the barotropic pressure as in [26] and when the species diffusion fluxes
depend on the gradients of partial pressures, analogously as in [19]. Of crucial importance for our
analysis is again the fact that viscosity coefficients are related by (6) and the source terms enjoy
the admissibility condition dictated by the second law of thermodynamics. Thanks to this, we are
able to combine the entropy inequality with the Bresch-Desjardins type of estimate [5]. The latter
allows us to regain the part of regularity of the species densities which, due to a multicomponent
diffusion (4), is not a-priori available. However, the presence of the temperature causes that the
method scratched in [26] and [19] is now more intricate.

It is to be noticed that, unlike to [5], we perform the limit passage in the framework of weak
variational entropy formulation. For the Navier-Stokes-Fourier system the concept of the weak
variational entropy solution (i.e. a solution satisfying the balance of mass, momentum, the entropy
inequality and the global balance of total energy) was introduced by Feireisl and Novotný, who
proved the sequential stability [11] and the global-in-time existence of these solutions [12]. This
result was then generalized by Feireisl, Petzeltová and Trivisa [14] to the case of chemically reacting
flows, when there is no interaction among the species diffusion fluxes and the pressure does not
depend on the chemical composition of the mixture.

What is still lacking to end up with the usual weak solution, is better regularity of the tempera-
ture required to pass to the limit in the internal energy balance. Also because of this, compactness
(with respect to time) of the sequence approximating the temperature, could not be deduced directly
from the energy equation. The last problem was solved by applying the compensated compactness
methods to the entropy inequality.
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Naturally, the main motivation to study the sequential stability of weak solutions is to obtain
the complete existence result. It seems to be a very complex and technically complicated task, even
if the correction of the pressure is postulated, and it is left for the future study.

References
[1] H. Amann. Linear and quasilinear parabolic problems. Vol. I, volume 89 of Monographs in Mathematics.

Birkhäuser Boston Inc., Boston, MA, 1995. Abstract linear theory.

[2] D. Bresch and B. Desjardins. Existence of global weak solutions for a 2D viscous shallow water equations and
convergence to the quasi-geostrophic model. Comm. Math. Phys., 238(1-2):211–223, 2003.

[3] D. Bresch and B. Desjardins. Some diffusive capillary models of Korteweg type. C. R. Math. Acad. Sci. Paris,
Section Mécanique, 332(11):881—886, 2004.

[4] D. Bresch and B. Desjardins. On the construction of approximate solutions for the 2D viscous shallow water
model and for compressible Navier-Stokes models. J. Math. Pures Appl. (9), 86(4):362–368, 2006.

[5] D. Bresch and B. Desjardins. On the existence of global weak solutions to the Navier-Stokes equations for viscous
compressible and heat conducting fluids. J. Math. Pures Appl. (9), 87(1):57–90, 2007.

[6] D. Bresch, B. Desjardins, and C.-K. Lin. On some compressible fluid models: Korteweg, lubrication, and shallow
water systems. Comm. Partial Differential Equations, 28(3-4):843–868, 2003.

[7] S. Chapman and T. G. Cowling. The mathematical theory of non-uniform gases. An account of the kinetic theory
of viscosity, thermal conduction and diffusion in gases. Third edition, prepared in co-operation with D. Burnett.
Cambridge University Press, London, 1970.

[8] R. J. DiPerna. Compensated compactness and general systems of conservation laws. Trans. Amer. Math. Soc.,
292(2):383–420, 1985.

[9] R. J. DiPerna and P.-L. Lions. Ordinary differential equations, transport theory and Sobolev spaces. Invent.
Math., 98(3):511–547, 1989.

[10] E. Feireisl. On compactness of solutions to the compressible isentropic Navier-Stokes equations when the density
is not square integrable. Comment. Math. Univ. Carolin., 42(1):83–98, 2001.

[11] E. Feireisl and A. Novotný. Weak sequential stability of the set of admissible variational solutions to the
Navier-Stokes-Fourier system. SIAM J. Math. Anal., 37(2):619–650 (electronic), 2005.

[12] E. Feireisl and A. Novotný. Singular limits in thermodynamics of viscous fluids. Advances in Mathematical
Fluid Mechanics. Birkhäuser Verlag, Basel, 2009.

[13] E. Feireisl and A. Novotný. Weak-strong uniqueness property for the full Navier-Stokes-Fourier system. Arch.
Ration. Mech. Anal., 204(2):683–706, 2012.

[14] E. Feireisl, H. Petzeltová, and K. Trivisa. Multicomponent reactive flows: global-in-time existence for large data.
Commun. Pure Appl. Anal., 7(5):1017–1047, 2008.

[15] V. Giovangigli. Multicomponent flow modeling. Modeling and Simulation in Science, Engineering and Technology.
Birkhäuser Boston Inc., Boston, MA, 1999.

[16] O. A. Ladyženskaja, V. A. Solonnikov, and N. N. Uralceva. Linear and quasilinear equations of parabolic
type. Translated from the Russian by S. Smith. Translations of Mathematical Monographs, Vol. 23. American
Mathematical Society, Providence, R.I., 1967.

[17] P.-L. Lions. Mathematical topics in fluid mechanics. Vol. 2, volume 10 of Oxford Lecture Series in Mathematics
and its Applications. The Clarendon Press Oxford University Press, New York, 1998. Compressible models,
Oxford Science Publications.

[18] P. B. Mucha, M. Pokorný, and E. Zatorska. Approximate solutions to model of two-component reactive flow.
http://mmns.mimuw.edu.pl/preprints.html, 2012-030, 2012.

[19] P. B. Mucha, M. Pokorný, and E. Zatorska. Chemically reacting mixtures in terms of degenerated parabolic
setting. http://mmns.mimuw.edu.pl/preprints.html, 2012-026, 2012.

[20] B. Perthame. Transport equations in biology. Frontiers in Mathematics. Birkhäuser Verlag, Basel, 2007.

6



[21] K. R. Rajagopal and L. Tao. Mechanics of mixtures, volume 35 of Series on Advances in Mathematics for Applied
Sciences. World Scientific Publishing Co. Inc., River Edge, NJ, 1995.

[22] S. R. Turns. An introduction to combustion: Concepts and applications. McGraw-Hill Series in Mechanical
Engineering, 2000.

[23] L. Waldmann and E. Trübenbacher. Formale kinetische Theorie von Gasgemischen aus anregbaren Molekülen.
Z. Naturforsch, 17a:363–376, 1962.

[24] E. Zatorska. On a steady flow of multicomponent, compressible, chemically reacting gas. Nonlinearity, 24:3267–
3278, 2011.

[25] E. Zatorska. Mixtures: sequential stability of variational entropy solutions.
http://mmns.mimuw.edu.pl/preprints.html, 2012-035, 2012.

[26] E. Zatorska. On the flow of chemically reacting gaseous mixture. J. Differential Equations, 253(12):3471–3500,
2012.

7


